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Introduction: 

Own sourcesSource of support:

The motion simulation fi delity depends on the vestibular model used in motion cueing 
algorithm. Therefore, identifying and selecting the most appropriate mathematical 
model of the vestibular system is important for motion cueing tasks in motion simu-
lators. This paper presents a method for modelling human vestibular receptors and 
self-motion sensation.

Previous work in the fi eld of mathematical modeling of vestibular system were summa-
rized and full procedure of modeling the human self-motion sensation was presented. 
In addition, we tested whether an increased complexity of the model, particularly with 
regard to the anatomy (position and orientation) of vestibular receptors (semicircular 
canals and otolith organs), could signifi cantly infl uence the estimation of human self-
-motion sensation. To investigate this, the pilot’s motion sensation was evaluated during 
a 20-second real fl ight in an F-16 aircraft (data from this fl ight came from an Enhanced 
Crash Survivable Memory Unit, and is detailed in our previous paper). Simulations were 
conducted with and without model complexities, specifi cally regarding the position and 
orientation of the vestibular receptors, as compared to previous models.

It was found that the estimated sensation of angular velocity varies, especially in relation 
to the pitch angular velocity when the roll velocity is present. The sensed gravito-inertial 
acceleration also varies, particularly with longitudinal acceleration when the vertical 
acceleration reaches high values.

Results:

Methods: 
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NOMENCLATURE:

CNS central nervous system

SCC semicircular canal

OTO otolith organ

GIA gravito-inertial acceleration

CG center of gravity

OExEyEzE frame of reference fi xed to the earth

HxHyHzH frame of reference fi xed to the head

HxEyEzE head-carried the earth-fi xed coordinate system 

NxSCCySCCzSCC frame of reference fi xed to the semicircular canals

NxOTOyOTOzOTO  frame of reference fi xed to the otolith organs

 Euler angles (roll, pitch and yaw, respectively)

axi, ayi, azi linear acceleration vector in i-th reference system, along x-, 
y-, and z-axis, respectively 

pi, qi, ri roll, pitch and yaw rate of i-th frame of reference, respectively 

SCCOTO aff erent neural signals from SCC and OTO, respectively

i angular velocity vector of i-th frame of reference 

lh distance between the origins of the head- and the SCC-fi xed 
frames

g acceleration of the earth’s gravity

1 long time constant that characterizes the response of the 
vestibular receptors

2 short time constant that characterizes the response of the 
vestibular receptors

L lead time constant that characterizes the response of the 
vestibular receptors

A adaptation time constant

Subscript

H represents coordinate vectors expressed in the head-fi xed 
frame

SCC represents coordinate vectors expressed in the SCC-fi xed 
frame

OTO represents coordinate vectors expressed in the OTO-fi xed 
frame

INTRODUCTION

Daily human activities associated with the mo-
tion of the body, as well as by land and sea vehicles, 
are determined from a sense of the body’s posi-
tion, orientation and motion. umans can main-
tain their spatial orientation due to their sense 
of vision, hearing, touch, their vestibular system, 
and their proprioceptors. The signals from these 
organs are integrated into the central nervous 
system (CNS). After the vision system, the second 

most important source of information for a body’s 
position and motion, on the Earth, is the vestib-
ular system. Receptors in the vestibular system 
(semicircular canals and otoliths organs) provide 
the CNS with information about the linear and an-
gular head accelerations [10]. In this way, the CNS 
can determine the perception of orientation rela-
tive to the gravity vector. Knowledge about the 
vestibular system comes mainly from animal tests, 
because the small size and location of the vestibu-
lar system are main diffi  culties in its study. For this 
reason, a number of clinical trials were carried out 
to investigate the physiological phenomena re-
lated to the vestibular system, using the vestibular 
ocular refl ex, or the so-called nystagmus. Direct 
measurements of the physical quantities within 
the vestibular system are limited and requires, for 
example, in vivo measurements [57]. These limita-
tions make theoretical modeling of the vestibular 
system for an in vitro study necessary [53]. Young 
[80] rightly noted that mathematical models have 
played an important role in research on the ves-
tibular system over the past century. They range 
from the torsion pendulum analogies of the semi-
circular canals (SCC) to the optimal estimator “ob-
server” models for multisensory interactions and 
adaptation.

Models predicting body motion and the per-
ception of spatial orientation are classic bioengi-
neering problems. Both the laws of classical me-
chanics and optimal control theory were used to 
build the model. The fi rst methods for modeling 
human vestibular system receptors were de-
scribed in numerous publications [5,20,28,55,68]. 
Despite these eff orts, the development of high fi -
delity, receptor models are still being undertaken 
in recent decades [2,35,52,56,65]. An overview and 
the characteristics of the physical and mathemati-
cal models for human vestibular system receptors 
and the physiological phenomena accompanying 
their stimulation can be found at work [39]. 

An appropriate mathematical model of the ves-
tibular organ is particularly important to ensure 
eff ective motion cueing in simulators, especially 

The complexity of the model, particularly with regards to the orientation of the ve-
stibular receptors, signifi cantly aff ects the estimated motion sensation. Nevertheless, 
further research and verifi cation are required to confi rm these fi ndings and evaluate 
their practical implications in simulators that are equipped with a motion platform.

mathematical modelling, self-motion sensation, vestibular system, vestibular modelKeywords:

Discussion and 

Conclusions:
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Since the actual geometrical orientation and 
position of the vestibular system receptors are 
well known [19,62]  this information could have 
been included both in a one- or two-eared ver-
sion of the model. Due to the fact that, there are 
no available papers that describe a complete 
procedure for anatomy-based physical and math-
ematical modelling of the human vestibular re-
ceptors, a method for modeling these sensors us-
ing their anatomical position and orientation was 
presented in this paper.

The aim of the study
The aim of this study was (1) to present a com-

plete procedure for modelling a human self-mo-
tion sensation based on the physiology of the 
vestibular system, and (2) to test whether an in-
creased complexity of the model, specifi cally re-
garding the anatomy (position and orientation) 
of vestibular receptors (semicircular canals and 
otolith organs), could signifi cantly infl uence the 
estimation of human self-motion sensation.

We focus only on sensation, as this is the fi rst 
stage of information processing in the brain (Fig. 
1, block highlighted in grey), followed by percep-
tion and cognition [15,69]. The points, that we 
have addressed in this paper include considera-
tion of the self-motion sensation estimated in the 
head and SCC-fi xed reference frames (frames are 
described in the next section of the paper). 

METHODS

This chapter presents the procedure for model-
ling the response of the receptors of the vestibular 
organ and the use of the developed model to es-
timate the pilot’s motion sensation during fl ight. 

those designed for upset prevention and recov-
ery training [23,27,84] as well as spatial disorien-
tation training [40,42,43,78]. Studies on the pilot’s 
sensation are of interest not only to researchers, 
but also to aviation accident investigation experts 
[49,51,64]. Despite this, many of these models 
have been developed with various simplifying as-
sumptions, to keep the model as simple as possi-
ble, with an assumed level of accuracy. A common 
approach is to assume that the semicircular canals 
are often aligned with the x-, y- and z-axes of the 
head-fi xed coordinate frame (head-fi xed coor-
dinate system defi ned by Reid’s plane [16,31,60] 
with the origin H located at the center of the 
head). Despite the fact that such simplifi cations 
are accepted, it is important to note that for a sub-
ject sitting upright in a 2-g force fi eld, the down-
ward deviation of the visually perceived eye level 
reaches an asymptotic value of approximately 25° 
[73].  This deviation in the visually perceived eye 
level is explained by the orientation of the vestib-
ular organ in the skull:  the macula utriculi is tilted 
with the anterior end up at approximately 30° with 
respect to Reid’s baseline [16]. In this case, the sub-
ject experienced a change in the pitch angular po-
sition – a sensation of backward tilt [73] – often 
termed the “G-excess illusion” [24]. For pitch tilt 
perception, the other research [14,61] found that 
hyper-gravity (i.e., >1 Earth g, as normally experi-
enced) caused a perception of being pitched nose 
up when the actual pitch angle was <30º forward. 
Otherwise, when pitched nose down by roughly 
30º, the perception was unaff ected by hyper-grav-
ity. At this orientation, the approximate plane of 
the utricular component of the otolith organs was 
roughly perpendicular to the increased stimula-
tion in hyper-gravity [16,18].
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Fig. 1.  Stages of information processing in  the brain [30].
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vestibular nucleus of the brainstem with their con-
nections to other parts of the CNS. Information 
processing in the brain takes place in three stages 
[15]: sensation, perception and cognition. The sen-
sation is provided by the receptors (SCC and OTO) 
that sense the external stimuli (angular and linear 
motion) and transmit them up to the brain [69]. 
Therefore, the response of the vestibular organ 
receptors will be referred to as the sensation of 
motion.

The labyrinth is an important element in the 
peripheral part, which closely cooperates with the 
CNS. It is an organ located in part of the tempo-
ral bone on the left and right sides of the human 
inner ear. The vestibular organ consists of three, 
connected SCCs, which are sensitive to angular 
acceleration, while two OTOs (utricle and saccule) 
are sensitive to linear acceleration.

First, the structure and function of the vestibular 
organ (anatomy and function) are characterized, 
especially for its receptors: the semicircular canals 
and the otolith organ. Physical and mathemati-
cal models of these receptors are then presented, 
using transfer functions for the latter. Finally, the 
procedure for estimating the pilot’s motion sensa-
tion is described.

Vestibular system - anatomy and function
The ana  tomy and functions of the human ves-

tibular system are well known and have been 
described in numerous works, i.e. in Hain and 
Helminski [29] and Silverthorn [63]. The human 
vestibular system is divided into peripheral and 
central parts. The peripheral portion consists of 
semicircular canals (SCC) and the otolith organs 
(OTO) (Fig. 2), while the central part includes the 

Fig. 2.  The vestibular system in the human inner  ear [1]. 
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where gH is g  ravitational acceleration vector 
in the head-fi xed coordinate system (system de-
scription see below), and aH  represents the vector 
of the head linear acceleration.

According to Einstein’s equivalence principle, 
no set of linear accelerometers alone can distin-
guish gravitational acceleration gH (which chang-
es with head orientation during head tilt) from 
inertial acceleration (which changes with linear 
acceleration aH of the head). Therefore, the CNS 
must use other sensory cues to distinguish tilt 
from translation. For example, the CNS can use 
rotational cues provided by the SCCs and vision.

Physical and mathematical models of the 
vestibular receptors

Semicircular canal models
A ph ysical model of the SCC was based upon 

data from the study by van Buskirk et al. [5]. It is 
assumed that the physical model for the SCC has 
the shape of a torus with the parameters shown 
in Fig. 3. The narrow part of the canal is defi ned 
by the angle β, and has a constant circular cross 
section with radius r. This radius is much smaller 
than for the major radius of the torus R. The utricle 
is in the area encircled by angle γ. The numerical 
values for the SCC’s basic physical and geometric 
parameters are given in Tab. 1.

The mathematical model of SCC dynamics is 
based on the equation derived by van Egmond et 
al. [20]: 

J
d α
dt

d
dt C ⋅

d
dt K  

(2)

and after transformation

 

where

, , – angular acceleration, velocity, and displacement of the 
endolymph with respect to the walls of the canal; 

 – component of the head’s angular acceleration with re-
spect to the spatial axis normal to the plane of the canal;

J  – moment of inertia for the endolymph; 

C  – viscous damping coeffi  cient that occurs during 
displacement of the endolymph with respect to the 
walls of the canal; and

K  – the coeffi  cient of elasticity associated with cupula 
movement as a result of fl uid displacement in the canal. 

Semicircular canals
The semicircular canals of the labyrinth bone 

are formed from three structures fi lled with peri-
lymph (Fig. 2). Inside them are membranous semi-
circular ducts containing a liquid called endo-
lymph. The SCCs are located on planes nearly per-
pendicular to each other and they react to angular 
accelerations in their respective planes. In place 
of their connection, an ampulla is formed, where 
the sensory cells, called the hair cells, are located 
[63]. The structure of these cells are the same for 
all fi ve receptors (three SCCs and two OTOs). In the 
presence of angular acceleration, the inertial fl ow 
of endolymph causes defl ection of the hair cell 
sensory cilia in the direction of the fl uid motion 
(counter-acting acceleration).

During SCC motion with constant angular ve-
locity, endolymph achieves the direction of mo-
tion and velocity in accordance with the canal 
displacement. This is a result of endolymph’s 
frictional forces acting on the duct walls, that is, 
the viscous friction and the cupula elasticity. This 
phenomenon allows the cupula to return to its 
normal position. As a result, one has the illusion 
that the rotational motion has disappeared. Thus, 
it is assumed that the SCC output signal may be 
determined by cupula deformation that appears 
as a result of the canal’s angular acceleration [20].

The otolith organ
The otolith organ consists of two receptors – 

the utr  icle and the saccule (Fig. 2). The utricle re-
ceptor detects linear acceleration in the horizon-
tal plane, while the saccule does the same in the 
vertical plane. The otolith organ is located at the 
base of the SCCs. In each OTO (utricle and saccule), 
there is a structure known as the macula that is 
gel coated and covered with calcium carbonate 
crystals, which are called otoliths or otoconia. 
There are hair cells immersed in the otolith gel. As 
a result of the linear acceleration the hair cells de-
formations of the macula, occur. The direction of 
these sensory cells in the macula allows for multi-
directional polarization. Therefore, it is possible to 
receive all combinations of translational motions 
for the head in space. 

Reaction of the OTO, which is the linear acceler-
ometer, to inertia acceleration and to gravitational 
acceleration are similar (Einstein’s equivalence 
principle). Therefore, these receptors can only 
measure the sum of these accelerations, which 
can be treated as a vector of resultant gravito-in-
ertial acceleration (GIA):

 (1)
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term on the left-hand side of equation (2) (repre-
senting inertial forces) is small compared to the 
components of the damping and stiff ness forces, 
then this equation becomes a fi rst-order equa-
tion. This gives the root equal to K/C. On the other 
hand, if one considers that, due to the small diam-
eter of the canal (about 0.3 mm), the movement 
of endolymph in the SCC is strongly suppressed. 
Therefore, it can be assumed that 4KJ << C2. This 
gives the root value equal to C/J. Thus, there are 
two time constants in the modeled system (2) that 
correspond to non-oscillating movement [56].

,            
(5)

The angular displacement of the endolymph e 
(2) is registered by the nerve receptors. The fi nal 
signal e (s) additionally considers two physiologi-
cal phenomena accompanying the receptor’s 
stimulation – neural adaptation [54] and the lead 

Due to the small diameter of the canal, which 
is about 0.3 mm in diameter [17], as described by 
equation (2), the endolymph’s motion is non-oscil-
lating. This means that the characteristic equation 
of the left side of equation (2) has two real roots 
[5,47,56,62]:

, 1 1  

(3)

For the natural motion of the human head, the 
displacements of endolymph and cupula are di-
rectly proportional to the angular velocity �  of 
the head rather than to the angular acceleration 
�  [44]. Thus, equation (2) can be written in the 
form of a Laplace transfer function:

 
(4)

 

Further analysis accounts for t  he extreme ei-
genvalues of the characteristic equation. If the fi rst 

Fig. 3.   Physical model for the SCC. The symbols represent: R – radius of the torus; r – canal cross-section radius;  Qe  ,Qe– 
angular velocity and displacement of the endolymph with respect to the walls of the canal;  α, α– component of 
the head’s angular velocity and displacement with respect to the spatial axis normal to the plane of the canal; 
C – viscous damping coeffi  cient that occurs during displacement of the endolymph with respect to the walls of 
the canal; K – the coeffi  cient of elasticity associated with cupula movement as a result of fl uid displacement in 
the canal. 
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Additionally, in the SCC dynamics model (6), the 
sensitivity threshold for THSCC must be considered. 
Its values are presented in the Tab. 2 along with 
other parameters describing the SCC dynamics.

Otolith organ model
The physical model of the OTO is shown in 

Fig. 4. Both hair cells are embedded into an oto-
lith gel layer and otolith stones-layer model are 
considered. The last upper layer consists of en-
dolymph. This liquid has a lower density than the 
density of an otolith.

According to the d’Alembert’ principle, is as-
sumed that the sum of all external and inertia 
forces acting on the otolith organ is equal to zero:

0 (7)

Substituting into (7) the formulas for individual 
forces (enclosed in the Fig. 4 caption), the otolith’s 
motion can be described as follows:

 (8)

After account for VOTO = Ve=me/pe, xOTO=x+xE  
and dividing both sides by mOTO yields:

 
(9)

operator [21]. The fi rst of these phenomena is rep-
resented by the transfer function ss


and the second has the transfer function equal to 
LsThis transformation is shown below:

dynamics of the torsion pendulum neural adaptation & lead operator

 →  1 ⋅ 1  →  → 1 ∙ 1  →   

Finally, the transfer function for any of the three 
SCCs is equal to:

 
(6)

where :

  – long time constant, which defi nes the slow cupula 
movement returning to its original position after 
deformation;

– the “sensed” angular displacement of endolymph that 
accounts for neural adaptation and the lead compo-
nents; – angular velocity of the head;

τ1≈ C·K(-1) – the “sensed” angular displacement of endolymph that 
accounts for neural adaptation and the lead compo-
nents; – angular velocity of the head;

τ2 ≈ J·C(-1)  – short time constant, which describes the fast move-
ment of fl uid in the canal;

KSCC=τ2∙τ2
 – a coeffi  cient characterizing the sensitivity of the 
endolymph to the displacement, which is the result of 
angular acceleration [impulses per second/(°/s2)];

τA
 – adaptation time constant; and

τL
 – time constant for the lead operator.

Tab. 1.  Physical and geometric parameters for the vestibular system receptors.

Parameter Symbol Value Source of data (reference)

Radius of the torus R 3.2 x10−3 m

[17]Radius of the canal r 1.6 x 10−4 m

The mean radius of the ampulla b 6.8 x10−4 m

Angle circled by the canal β 4.4 rad

[5]Angle circled by the utricle γ 1.32 rad

Density of the endolymph ρe 103 kg/m3

Kinematic viscosity of the endolymph νe 10−6 m2/s

[4]Dynamic viscosity of the endolymph μe 0.01 g/cm/s

Density of the otoliths ρOTO 2.7x103 kg/m3

Parameter Value for the axis rotation Source of data (reference)

NxSCC NySCC NzSCC

  6.1 5.3 10.2

[20,45,83]  0.1 0.1 0.1

 A
120 120 120

 L
0.049 0.049 0.049 [22]

THSCC [º/s] 3.0 3.6 2.6 [83]

Tab. 2.  Model parameter s for the three SCCs.
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pOTO/e  – coeffi  cient, which takes into account the densities of the 
otoliths and endolymph layers [26]:

/ 1
(12)

where  ρe – density of the endolymph, and  ρOTO – density 
of the otolith layer.

Using similar calculations and transformations, 
as applied to the SSC model (6), the transfer func-
tion, with two characteristic time constants [82], 
for the OTO model is determined.

⋅
1  

 
1 1

(13)

 – the “perceptible” displacement of the otolith layer and 

accounting for the lead operator (1+ τLOTOs);

τ1OTO
 – long time constant that characterizes the damping 
properties of the gel layer;

τ2OTO
 – short time constant that characterizes the elasticity 
properties of the gel layer;

τLOTO
 – lead time constant for the OTO;

KOTO
 – a coeffi  cient described as follows:

/ (14)

Finally, after the transformation we have the 
following equation:

1
(10)

Equation (10) describes the otolith’s displace-
ment x under the infl uence of gravitational accel-
eration g and the linear acceleration of the head, 
which interact in the plane parallel to the otolith’s 
layer. Considering that fx=(gx-d2xE/dt2) is the GIA, 
the mathematical model for the OTO dynamics 
can be expressed as follows [25]:

/
(11)

where:
x(t)  – displacement of the otolith’s layer with respect to the 

head; – the otolith’s mass;

mOTO
– the otolith’s mass

c, k – respective viscous damping and elasticity coeffi  cients 
for the gel layer;

f(t)  – GIA component acting in the plane parallel to the 
otolith’s layer;

Fig. 4.  Physical model of  the OTO. The symbols represent: x – otolith displacement with respect to the head; xE – absolute 
displacement of the head; xOTO – absolute displacement of the otoliths (xOTO = x+xE); mOTO – mass of the otoliths; 
ρOTO – density of the otoliths; ρe – density of the endolymph; Fb=mOTOd2xOTO/dt2– inertial force; Fk=kdx/dt – elastic 
force;  Fc=cdx/dt– damping force;  Qx=mOTOgx– weight of the otoliths, where gx is a component of the gravity 
acceleration vector acting along the NxOTO-axis;  Fw– displacement force (Fw=(gx- d

2xE/dt2)eVOTO), where d2xE/dt2 
is the head’s linear acceleration with respect to the Earth-fi xed, inertial reference system, while VOTO=mOTO/pOTO is 
the otolith’s volume, which is equal to the volume of the displaced endolymph Ve=VOTO.
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lith organ receptors (utricle and saccule). The ge-
ometry of the three SCCs was modelled with the 
relationship derived later in the article.

The phenomena of habituation (increase in the 
receptor threshold stimulation for repeated types 
of stimulus) and restitution (the process of decay 
stimulation) have been omitted because they re-
late to CNS processing. In the simplifi ed model 
of the vestibular system used to compare the 
response with that of the system with the actual 
geometrical location and orientation, we includ-
ed the canals and otoliths as aligned with the x-, 
y- and z-axes of the head. 

Coordinate systems and their 
transformation 

The following right-handed coordinate sys-
tems are applied to determine the linear accelera-
tion and the angular velocity acting on the ves-
tibular system sensors (Fig. 5): 

Three identical models for the OTO (13) have 
been used to describe the full model for the dy-
namics of the OTO (utricle and saccule): one for 
each axis of the OTO-fi xed coordinate system. 
Moreover, the model account for the threshold of 
perception THOTO. Its values and the values of oth-
er parameters for the OTO are presented in Tab. 3.

The human vestibular system model
The vestibular sy  stem model includes three 

SCCs (6) and two OTOs (13) that account for th eir 
anatomical location  and the actual geometrical 
orientation [19]. Only one model, located at the 
center of the head, is used to represent both ves-
tibular organs. Moreover, it is assumed that the 
SCCs are insensitive to linear acceleration and that 
the modeled vestibular system receptors have lin-
ear response characteristics. 

The OTOs were modelled using a diagonal 
transfer function matrix. This matrix represents 
the three-dimensional responses of the two oto-

Parameter Value for the axis Source of data (reference)

NxOTO NyOTO NzOTO

  0.5 0.5 0.5 [34]

  0.016 0.016 0.016

 AOTO
1 1 1

 OTO
3.4 3.4 3.4

THOTO [m/s2] 0.17 0.17 0.28 [83]

Tab. 3.  Paramet ers of otolith organ model (utricle and saccule).

Fig . 5.  Coordinate reference systems.
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L /  

where c = cos, s = sin
(15)

where
H – pitch angle between the HxE-axis and the 

local horizontal plane HxHyH;
H – yaw angle between the HxE-axis projec-

tion on the horizontal plane HxHyH and the 
HxH-axis; 

H – roll angle between the HyE-axis and the 
horizontal plane HxHyH.

b) for transformation from the HxH yH zH system to 
the NxSCC ySCC zSCC system, the following angles 
(Fig. 6) are used: 
– to alight the HxH-axis with the NxSCC-axis – 

yaw angle s about the HzH-axis, and pitch 
angle s about the Hy’H -axis;

– to alight the HyH-axis with the NySCC-axis – 
yaw angle p about the HzH-axis, and roll 
angle p about the Hx’H – axis; and

– to alight the HzH-axis with the NzSCC-axis - 
pitch angle h about the HyH-axis, and roll 
angle h about the Hx’H-axis.

Performing the rotation presented in Fig. 7 has 
been determined for the transformation matrix 
LSCC/H [50]:

– HxHyHzH – a rectangular, head-fi xed coordinate 
system defi ned by Reid’s plane [16,31,60] with 
the origin H located at the center of the head; 

– HxEyEzE – a moving rectangular, head-fi xed co-
ordinate system parallel to an Earth-fi xed iner-
tial reference system with the origin H located 
at the center of the head;

– Nxsccyscczscc – a non-rectangular, SCC-fi xed coor-
dinate system with the origin N located at the 
point of intersection for the axis defi ned by the 
normal vectors to the planes of the superior, 
horizontal, and posterior SCC anatomical posi-
tions (Fig. 6);

– NxOTOyOTOzOTO – a rectangular, OTO-fi xed coor-
dinate system with the origin located at the 
same point N as for the  system. Its axes are de-
fi ned by the anatomical positions of the utricle 
and saccule planes.

For the transformation coordinates between 
these systems, ZYX rotation sequences have 
been applied. An elementary angle of rotation de-
fi nes the relative position of two coordinate sys-
tems:
a)  for transformation from the HxE yE zE  to the  HxH 

yH zH  system, the following Euler angles (Fig. 5) 
are used:  ψH, θH, H. Transformation matrix  LH/E 
has the form:

 

 

 

 

Fi g. 6.  Mutual position of the coordinate systems HxHyHzH and NxSCCySCCzSCC for a) superior, b) posterior, and c) horizontal 
semicircular canal.
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tial acceleration respectively. These signals cre-
ates the output vector y of the vestibular system 
sensor model (Fig. 7). The model of each of the 
sensors (SCC and OTO) can be expressed by the 
following two equations:

 

 

(18)
(19)

where A and B are matrices for the state equa-
tion and C and D are matrices for the output equa-
tion. The state variables vector x, input signals 
vector u, and the output signals vector y are sum-
marized in Tab. 5.

The mathematical model of the vestibular sys-
tem, which allows us to determine the estimated 
response vector y for the SCC and the OTO sen-
sors, is built based upon the knowledge of these 
functioning sensors. This description is supple-
mented with kinematic compounds and other 
relations between the calculated parameters. Fi-
nally, 27 variables are considered in the model as 
shown in Tab. 5. They are composed of the input 
vector u (6 variables), the state vector x (15 vari-
ables), and the output vector y (6 variables). The 
expressions for these vectors are specifi ed below.

Components of input vector u are described in 
the following physical quantities:
– angular velocity vector in NxSCC ySCC zSCC system

ΩSCC=LSCC/H∙ΩH (20)

– GIA vector in NxOTO yOTO zOTO system

fOTO=LOTO/H∙fH (21)
for which fH acceleration in HxH yH zH system is 

equal to (1), and 

/ 0 0  (22)

/

cos ⋅ cos sin ⋅ cos sin
⋅ cos cos ⋅ cos sin 

sin sin ..

sin

cos coscos

(16)
 

The values of the above-mentioned angles are 
given in Tab. 4.

T ab. 4.  Euler angles in radians, which define 
orientations for the versors perpendicular to 
the SCC’s planes relative to the HxHyHzH system 
[62].

̂  2.212 0.177 0 

̂  2.336 0 0.274 

̂  0 0.331 0.038 

c) transformation from the HxHyHzH system to the 
NxOTOyOTOzOTO system is obtained using the rota-
tion angle θOTO (Fig. 5), between the NxOTO-axis 
and the horizontal plane HxHyH. 

Transformation matrix LOTO/H has the form:

/

cos 0 sin 
0 1 0

sin cos0 (17)

The following real environmental stimuli act 
upon the human body (relative to the head): an-
gular velocity H, linear acceleration aH, and gravi-
tational acceleration gH. These stimuli stimulate 
vestibular system receptors – angular velocity is 
detected by the SCC, and linear acceleration and 
gravity are detected by the OTO. After transforma-
tion to the SCC-fi xed and OTO-fi xed coordinate 
systems, respectively, these stimuli were used to 
create input vector u, which is recorded by ves-
tibular system sensors (Fig. 7). 

The outputs of the sensors (SCC and OTO) are 
the aff erent neural signals SCC and OTO, that rep-
resents sensed angular velocity, and gravito-iner-

Fig.  7.  Block diagram of signal processing by the vestibular system sensor (receptor).
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⎣
⎢
⎢
⎢
⎢
⎡

1 0 0 0 0
0 0 0 0 0

0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎤

 

(26)

for

1

1

 (27)

( )iSCC  means the value of the i-th component 
with angular velocity (i=p,q,r) in the NxSCC ySCC zSCC  
system.

1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0

 

⎣
⎢
⎢
⎢
⎢
⎡

0 0
0 0

0 0
0 0
0 0
0 0 ⎦

⎥
⎥
⎥
⎥
⎤

 

(28)

where

,  

The matrix LH/E (15), which occurs in equation 
(22), was created based on the angles:

, , , ,  
(23)

where S(H,θH,ψH) is the transformation matrix 
that converts the angular velocity vector from the  
HxH yH zH system to the HxE yE zE system. The ele-
ments of this matrix are as follows:

, ,
⎢
⎢
⎡
1     
0   

  ⎥
⎥
⎤
 

0 cos cos
(24)

Decomposition of the transfer function (6) and 
(13) was performed to reveal the observability ca-
nonical form. In this way, variable state vector x 
was created. The general dynamic equations (18) 
and (19) have the following variables:
– the input vector

      

– matrices for the state equations:

,     
0

0 0
0

(25)

where

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

Physical meaning Equation

Components of stimuli vector

ΩH=[pH  qH  rH]T angular velocity vector in the head-fi xed reference frame

aH=[aXH  aYH  aZH]T linear acceleration vector in the head-fi xed reference frame

gH=[gXH  gYH  gZH]T gravity vector in the head-fi xed reference frame (22)

Components of the input vector u

ΩSCC=[pSCC  qSCC  rSCC]T angular velocity vector in the SCC-fi xed reference frame (20)

fOTO=[fxOTO  fyOTO  fzOTO]T GIA vector in the OTO-fi xed reference frame (21)

Components of the state vector x

[x1, x2, x3,..., x15]T 15-element, variable vector for the state sensors vector (18)

Components of output vector y

 
  ̃ angular velocity vector estimated using the SCC model (19)

  GIA vector estimated using the OTO model (19)

Ta b. 5. Input, state, and output vectors in the model for the physical world.
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Implementation of the vestibular system into 
the anatomy model (location and orientation of 
the SCCs and OTO receptors) leads to the use of 
the appropriate transformations of processed 
signals (vectors of the angular velocity and GIA). 
For this purpose, two matrices LSCC/H (16) and  LOTO/H 
(17) were used to transform these signals from the 
head-fi xed coordinate system to the SCC-fi xed 
and the OTO-fi xed reference frames respectively. 
It has been assumed that processing of the GIA 
vector (1) in the OTO model is carried out in the 
OTO-fi xed reference frame. In the case of the esti-
mated angular velocity, a similar assumption was 
used. The calculations for the ΩSCC vector in the 
SCC-fi xed reference frame were performed. 

Initial condition
In the calculations, the following initial condi-

tions were assumed. The gravitational acceleration 
regularly experienced on Earth, and angles of atti-
tude H=-32.8°,  θH=-11° and ψH=56°. Additionally, it 
was assumed that the pilot keeps his head in the 
natural upright position, and during the fl ight, the 
pilot’s head does not change its angular and lin-
ear positions with respect to the aircraft’s center of 
gravity (CG). It was also assumed that, during the 
fl ight, the aircraft’s CG does not change in position, 
e.g., as a result of fuel consumption. The analyzed, 
20-second fl ight includes a right turn with a maxi-
mum, 5g positive acceleration and the barrel-roll 
maneuver. During the barrel roll, the pilot main-
tained an inverted fl ight for a few seconds.

Simulation results and discussion
The simulation results for the components 

of the angular velocity vector and the gravito-
inertial acceleration (GIA) vector are illustrated in 
Figs. 8 and 9, respectively. The components of the 
physical stimuli acting upon the pilot’s head in 
fl ight are represented by red line, while compo-
nents “sensed” by the pilot were represented by 
green (sensed in the SCC-fi xed reference system) 
and blue (sensed in the head-fi xed reference sys-
tem) lines. Positive values are rightward motions 
from the pilot’s perspective, while negative values 
represent leftward motions.

Because the characteristics for the human sen-
sation of motion have been particularly popular in 
the literature [8,13,32,34,46,67,79,81], we will not 
go into these details. We limit this paper mainly to 
the issue of considering the explanation of the dif-
ferences in the self-motion sensation estimated in 
the head- vs. SCC-fi xed reference frame. It should 
be emphasized that the motion stimuli (angular 
velocity and linear acceleration) that occur in the 

– matrices for the output equations:

0
0 ,  

0
0

(29)

where
 

1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0

 

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0

 

(30)

and DΩ=0 Df=0 

Simulation of the pilot’s motion sensation 
To achieve the purpose of our work, the math-

ematical model of human vestibular receptors, 
as developed in the previous section, was used 
to perform simulations of the pilot’s motion sen-
sation during a 20-second real fl ight in an F-16 
aircraft. Data from this fl ight was recorded in the 
Enhanced Crash Survivable Memory Unit (ECSMU) 
and was described in detail in the paper [41]. The 
model of human vestibular receptors was imple-
mented in MATLAB-Simulink 2010a (The Math-
Works, US) software suite. The Simulink model 
was confi gured with a variable time-step Runge-
Kutta diff erential equation solver. 

In the numerical calculations, the components 
of the angular velocity, linear acceleration and 
gravity are in respect to three reference frames: 
the pilot’s head-fi xed, SCC-fi xed, and OTO-fi xed 
reference frames. The linear acceleration includes 
the tangential and centrifugal accelerations oc-
curring as a result of the aircraft’s rotation and the 
pilot’s head off setting from the point of rotation 
(the aircraft’s center of gravity). The components 
of angular velocity and linear acceleration acting 
on the pilot’s head during the fl ight were calcu-
lated using the transformations described in the 
paper [41].

The anatomical arrangement of the SCCs (Tab. 
4) and the OTO, with a 50-mm displacement of 
the vestibular system from the center of the head 
(Fig. 5), were included in the developed model. 
The model employs the utricular and saccular 
planes, which are assumed to pitched up relative 
to the horizontal plane of the head by an angle of 
θOTO=30° (17).
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ward. H  owever, it is diffi  cult to fi nd a confi rmation 
of this pitching sensation in the literature. Most of 
the studies [9,37,38,46,48,61] and [11,12,77,33,70–
76] concerned with the static roll tilt perception 
in the hyper-gravity-induced environment, e.g., 
the roll tilt of the whole body or only the head. In 
these studies, the hyper-gravity environment was 
created using a centrifuge. The roll tilts utilized 
causes a cross-coupled illusion during the plan-
etary spin of the centrifuge necessary to create 
hyper-gravity. Clark et al. [11] found that this cross-
coupled stimulus provoked an illusory pitching 
sensation. At the same time, the authors point out 
that this cross-coupled illusion would not occur in 
a “pure” hyper-gravity environment, such as that 
experienced in a high-performance aircraft per-
forming a constant bank angle turn with a very 
large radius. Thus, the only way to verify that the 
cross-coupled stimulus issue did not impact the 
sensation of the pitch velocity is to conduct the 
experiments in a non-spinning environment.

Components of the gravito-inertial accelera-
tion sensed by the pilot are shown in (Fig. 9). All 
of these components (green and blue line) have   a 
similar shape, but for the longitudinal αxOTO com-
ponent, the changes are much diff erent. 

The diff erences in the pilot’s sensed gravito-in-
e  rtial acceleration αOTO (Fig. 9), green and blue line, 
especially for the longitudinal acceleration com-
ponent αxOTO  results from the performed transfor-
mation LOTO/H (17) of   the physical acceleration (red 
line). In the calculation, the utricular plane’s tilt 

fl ight environment often exhibit imperfections in 
the receptors of the vestibular system. These im-
perfections are mainly related to the receptors’ 
inability to detect signals with values below their 
physiological detection thresholds (THSCC and THOTO 
in Tab. 2 & Tab. 3, respectively).

The pilot’s sensation of the angular velocity 
(Fig. 8) indicates that each component computed 
in the SCC-fi xed reference frame (green line) was 
diff erent compared to their corresponding com-
ponents computed in the head-fi xed reference 
frame (blue line). These changes occur when phys-
ical velocity (red line) chan  ges occur. The largest 
changes in the value of the physical angular veloc-
ity (red line) occurred for the roll angular velocity 
(p) that describes the rotation of  the aircraft with 
respect to the longitudinal axis.

The diff erences in the pilot’s sensed angular ve-
locity  , as seen in Fig. 8 (green vs. blue line), result 
from the transformation LSCC/H (16) of the physical 
velocity components (red line) to the SCC-fi xed 
reference frame. This is noticeable at 2, 13, and 
17 sec  of fl ight, where the roll rate component p 
of the aircraft’s   angular-velocity vector occurs. 
This transformation of the roll   rate res    ults in ad-
ditional angular velocities (q, r) acting in the pitch 
and yaw planes of the SCCs. For the analyzed case, 
the most visible diff erences in the sensed angular 
velocities occur at the pitch rate component qSCC. 
The pitch angular velocity qSCC sensed by the pilot 
is downward if the roll angular velocity (red line) 
is to the r  ight. Otherwise, the pitch velocity is up-

Fig. 8.  The components of the ph ysical and the pilot’s sensed angular velocity vector in the head- and SCC-fi xed reference 
frames.
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– vector for the distance of the head from the 
aircraft’s CG, lh– vector for the distance of the 
vestibular system from the center of the head 
(origin of the head-fi xed coordinate system, 
Fig. 5),

 aΩ=ΩAC×[ΩAC×(lH+lh)] is a centrifugal accelera-
tion,

 aWϵ=ϵH/AC×lh is the relative tangential accelera-
tion,

 aWΩ=ΩH/AC×(ΩH/AC×lh) is the relative centrifugal 
acceleration,

 aCor=2ΩAC×(ΩH/AC×lh) is the Coriolis acceleration.
In the considered cases of motion (a simplifi ed 

assumption is that the pilot does not rotate his 
head ΩH/AC=0), the following acceleration compo-
nents do not occur:  aWΩ, aCor and aWϵ. The tangen-
tial aϵ and centrifugal aΩ accelerations are due to 
the rotation of the aircraft relative to the CG, the 
presence of the head off set lH, and to the vestib-
ular system off set lh. The results shown in Fig. 9 
were obtained for the head off set of lH=[4.5 0 0.5]
T described in the body-fi xed coordinate system 
for the aircraft [6,41], and for the vestibular system 
off set of lh=[0 0.05 0]T as described in the head-
fi xed reference frame. In the analyzed fl ight phase, 
for the largest angular velocity component p=150 
°/s (about 17 sec of the fl ight), the magnitude of 
the accelerations generated by these shifts (lH+lh) 
are equal: aϵ≈-4.76 m/s2 and aΩ≈5.82 m/s2. Consid-
ering only the head off set lH, these accelerations 

angle θOTO=30° relative to the horizontal plane of 
the head-fi xed reference frame was used (Fig. 5). 
Thus, when the vertical components of the accel-
eration az a  nd gravity gz relative to the head-fi xed 
reference frame, are converted to the OTO-fi xed 
reference frame, the results is an additional longi-
tudinal acceleration ax and gx, respectively.

The apparen  t change in sensed GIA at 13 and 
17 sec of fl ight (Fig. 9) may be attributed to the 
aircraft’s roll angular velocity (Fig. 8). According 
to Ish-Shalom [36], at maximum head rotation 
speeds of 1500 °/sec, the centripetal forces acting 
on the vestibular system can be up to 4 g. It comes 
from the fact that each vestibular system in the in-
ner ear is not located at the center of the head. In 
this complex motion (the sixth degree of freedom 
for aircraft motion and the pilot’s head), the iner-
tial linear acceleration aN (1) acting on the vestibu-
lar system is the sum of the following acceleration 
components [3]:

aN=aAC+aϵ+aΩ+aWϵ+aWΩ +aCor
(31

where 
 aAC=∂VAC/∂t+ΩAC×VAC is an absolute accelera-

tion for the aircraft’s CG (VAC and ΩAC are the 
aircraft’s linear and angular velocities, respec-
tively),

 aϵ=ϵAC×(lH+lh) is the tangential acceleration (ϵAC 
– vector for the aircraft’s angular acceleration,  

Fig. 9.  The components of the physical and the  pilot’s sensed gravito-inertial acceleration vector.
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passively accelerated (i.e., they did not control the 
motions they experienced), while during fl ight, 
the pilot was actively accelerated (i.e., the pilot 
controlled the motions that he experienced). The 
responses of the vestibular nuclei neurons were 
markedly suppressed for being active when com-
pared to passive motion restricted to stimulating 
a single modality (e.g., canals [58,59]; otoliths [7]. 
Carriot et al. [8] have checked how information 
about rotational and translational components 
for self-motion are integrated by vestibular path-
ways during active and/or passive motion. The au-
thors found that, in response to active stimulation, 
neuronal modulation was signifi cantly attenuated 
(<70%) relative to passive stimulation for rotations 
and translations, and were even more profoundly 
attenuated for combined motion due to sub-ad-
ditive input integration. For this reason, this study 
should be repeated after re-validation of the mod-
el using data for active motion.

Future studies should also include the eff ects 
of hypo-gravity on the estimation of self-motion 
perception (i.e., <1 g sometimes when fl ying in a 
fast jet aircraft). Moreover, it is not clear whether 
similar variations in the estimated pilot’s sensation 
of motion and orientation would occur if diff erent 
stimuli profi les (i.e., a complex vestibular stimuli) 
or diff erent attitude representation were used. 
Thus, future studies should also consider these is-
sues.

CONCLUSIONS 

The paper presents the procedure of a physical 
and mathematical modeling of the human sensa-
tion of self-motion based upon the vestibular sys-
tem. The aim of this study was also to test whether 
an increased complexity of the model, specifi cally 
regarding the anatomy (position and orientation) 
of vestibular receptors (semicircular canals and 
otolith organs), could signifi cantly infl uence the 
estimation of human self-motion sensation. From 
the conducted simulations for the motion of the 
pilot using two reference systems – head-fi xed 
and vestibular-fi xed (SCC & OTO) reference frames 
– we found that:
– the estimated sensation of human angular 

velocity diff ers, this particularly applies to the 
pitch angular velocity when the roll velocity is 
present;

– the sensed gravito-inertial acceleration diff ers, 
particularly with the longitudinal acceleration 
when the vertical acceleration achieves high 
values;

have the same magnitudes. So, we can see that 
accelerations generated by the vestibular system 
off set lh are not signifi cant, so they should not ef-
fect a pilot’s sensed gravito-inertial acceleration 
αOTO (Fig. 9). This assumption excludes the sens-
ing of rotation by the otolith organs due to cen-
tripetal and tangential accelerations. Considering 
only the case of the head off set lH relative to the 
aircraft’s CG, the tangential aϵ and centrifugal aΩ 
accelerations will be included in the vertical az and 
lateral ay components of the physical acceleration 
(31). This is particularly evident at 13 and 17 sec of 
the fl ight, where these components change sig-
nifi cantly (Fig. 9). For this reason, it is important to 
include the aircraft’s rotation and the head off set 
lH in determining the tangential aϵ and centrifugal 
aΩ accelerations that eff ect a pilot’s head. In sum-
mary, we can say that the estimated sensation of 
human linear acceleration in the SCC-fi xed refer-
ence frame is diff er from the sensation of accelera-
tion calculated in the head-fi xed reference frame. 
This particularly applies to the longitudinal accel-
eration component when the vertical component 
achieves high values.

Finally, it is important to note the consequence 
of the principle of equivalence, which states that 
no gravireceptors can diff er between gravity and 
inertia. As a result, angular changes in the roll and 
yaw positions, which occur during certain com-
mon fl ight maneuvers, cannot be detected using 
the otolith organs. It can be observed when the 
pilot performs a coordinated turn (red line in Fig. 
9, a right turn with maximum positive acceleration 
of 5g, from 5 to 12 sec). He then experiences an in-
creasing GIA vector acting in parallel with his head 
and his body’s vertical axis. Therefore, the signal 
from the otolith organs is that the pilot remains 
upright (sensed by the pilot). However, to the ver-
tical SCCs, the roll angular displacement (i.e., the 
change in roll position) is a stimulus similar to that 
occurring when tilting one’s head towards one’s 
shoulder [81].

Study limitations
The study did not include the threshold stim-

ulus (angular velocity < THSCC) with the perfor-
mance of the fl ight maneuvers, which was most 
important for fl ight safety (i  .e ., the pilot’s loss of 
orient  ation). Additionally, the model of vestibular 
system receptors has been validated for experi-
mental conditions other than those used in this 
study. In the validation procedure, subjects were 
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gal aΩ accelerations that aff ect a pilot’s head. Fur-
thermore, research has shown that the vestibular 
system off set lh (distance from the centre of the 
head) does not aff ect the pilot’s sensation of lin-
ear acceleration and can therefore be excluded 
from the calculations.

Despite numerous simplifi cations and limita-
tions (i.e., only one model, located at the center 
of the head, is used to represent both vestibular 
organs), the presented model can be a useful 
tool for scientifi c research work pertaining to the 
improvement of existing and newly developing 
simulators equipped with the motion platform. 
Moreover, it is possible to apply this model to 
other areas; for example, in medical diagnoses to 
simulate vestibular system dysfunction [57,66], or 
for assessing the pathology of the human equi-
librium apparatus and the development of pros-
thetic rehabilitation for this organ.

– although this has not been verifi ed, it can be 
assumed that the non-rectangular, SCC-fi xed 
coordinate system does not need to be used 
to correctly describe the perception of angular 
velocity. It is therefore possible to simplify this 
coordinate system to a rectangular one.

In conclusion, these fi ndings indicate that the 
inclusion of SCC and OTO orientation in models 
of these receptors aff ects the estimated motion 
sensation. It is important to note that the orienta-
tion of the receptors has no eff ect on the model 
predictions as long as an identical geometrical ori-
entation is included in the internal model of these 
receptors [47]. However, to confi rm these fi ndings 
and evaluate their practical implications in areas 
such as motion perception, further research and 
verifi cation are necessary.

In studies on fl ight safety, it is crucial to consid-
er the rotation of the aircraft and the head off set lH 
when determining the tangential aϵ and centrifu-
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